We study the Casimir effect in the framework of Standard Model Extension (SME). Employing the weak field approximation, the vacuum energy density ε and the pressure for a massless scalar field confined between two nearby parallel plates in a static spacetime background are calculated. In particular, through the analysis of ε, we speculate a constraint on the Lorentz-violating terms 00 which is lower than the bounds currently available for this quantity. After that, the correction to the pressure given by the gravitational sector of SME is presented. Finally, we remark that our outcome has an intrinsic validity that goes beyond the treated case of a point-like source of gravity.
I. INTRODUCTION
It is well known that General Relativity (GR) exhibits serious incompatibilities when it comes to link its domain of validity with the realm of Quantum Field Theory. The hope is to overcome these obstacles, so that it would be possible to describe the behavior of any interaction including gravity even when quantum effects are not negligible. In this direction, many reasonable and solid proposals have been made (such as Loop Quantum Gravity and String Theory), but the sensation is that there is still a great amount of conceptual problems and obstacles to overcome. However, there is a shared and accepted awareness that allows us to look for a unified theory at Planck scale (namely m P ≃ 10
19 GeV); this fact may not be surprising from a theoretical point of view anymore, but practically it means that it is impossible to detect even the smallest signal of quantum gravity. In other words, experiments do not provide any criterion to discern whether a physical argument can be rejected or not at those energy levels.
Nevertheless, even in current laboratory tests, there is still the possibility to search for little traces that can be directly related to an underlying unified theory, and one of the most important concepts in this perspective is represented by Lorentz symmetry breaking. Such a violation is highly recurrent in many candidates of quantum gravity, and for this reason it is considered an essential notion to take into account for a natural extension of our knowledge in such an unknown domain. Actually, Lorentz violation has widely been used as one of the main bedrocks on which to develop physics beyond the Standard Model (SM). SME (Standard Model Extension [1] [2] [3] [4] ) is therefore born within this environment, and it is considered one of the most important effective field theories that in-cludes SM as a limiting case. The intuition at the basis of SME comes from the study of covariant string field theory [5] . The idea is to build all possible scalars of the SME Lagrangian by contracting SM and gravitational fields with suitable coefficients that induce Lorentz (and CPT) violation. Of course, we expect these coefficients to be heavily suppressed, and thus to be considered extremely small if analyzed at current scales. However, many focused experiments have been performed to put constraints on their values and to gather useful information on them [6] . For an accurate overview on SME, see Ref. [7] .
In this paper, we consider the Casimir effect in curved spacetime, where the metric is deduced by the gravitational sector of the SME Lagrangian. Generally speaking, the Casimir effect [8, 9] arises when a quantum field is bounded in a finite space. Such a confinement reduces the modes of the quantum field producing, as a consequence, a measurable manifestation. The Casimir effect has been studied in flat spacetime in great detail [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , showing the robustness of the assumptions at the basis of its theoretical explanation. In this framework, there are already works that study the Casimir effect with the contribution of the SME coefficients for the fermion and photon sector [21, 22] . In some recent papers [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , instead, the analysis of the role of a gravitational field in the vacuum energy density of a quantum field inside a cavity has been performed. This opened the doors to many interesting developments and lines of research. Indeed, an interesting investigation on the consistency between the Casimir energy and the equivalence principle is conduced in Refs. [34] . Moreover, possible modifications in the vacuum energy could become relevant in the dynamics of the universe [25, 35] . Microscopically, modifications of Casimir's energy could be crucial in the context of quark confinement based on string interquark potentials [36] [37] [38] [39] . Finally, the implications of gravity on Casimir effect deal with the open issue regarding the limits of validity of GR at small distances [40] .
The aims of this article are essentially two:
-to obtain a significant and plausible constraint on SME Lorentz-violating terms derived within a Post-Newtonian expansion of the metric tensor describing the spacetime in proximity of a point-like source of gravity [41] ;
-to see how the pressure between the Casimir plates changes in the above context.
In order to do this, we analyze the dynamics of a massless scalar field in the context of Casimir effect, employing a technique already used in the search for direct evidences of extended theories of gravity [33, [42] [43] [44] [45] . Klein-Gordon equation between the two Casimir plates shall be solved, assuming that the distance between them is much smaller than the distance between the source of the gravitational field and the plates. The paper is organized as follows: in Sec. II the metric tensor is presented, as derived in the Post-Newtonian approximation of the purely gravitational sector of SME in Ref. [41] . In Sec. III the dynamics of a canonic massless scalar field is studied within the Casimir plates, and in Sec. IV the bound and the expression for the pressure are obtained. Discussions and conclusions are given in Sec. V.
II. METRIC TENSOR FOR A POINT-LIKE SOURCE WITH LORENTZ-VIOLATING TERMS
The most general Lagrangian density for the SME gravitational sector of Ref. [4] contains both a Lorentzinvariant and a Lorentz-violating term. The background is represented by a Riemann-Cartan spacetime, but for our purposes we take the limit of vanishing torsion, in such a way that the Lorentz-invariant part is the usual Einstein-Hilbert contribution. The effective action in which we consider only the leading-order Lorentzviolating terms is thus given by
where
is the aforementioned Einstein-Hilbert action, with κ = 8πG, S m the matter action and S LV the Lorentzviolating term:
(3) Here, R is the Ricci scalar, R T µν the trace-free Ricci tensor, C ρλµν the Weyl conformal tensor and all other terms contain the information of Lorentz violation. Of course, they must depend on spacetime position and have to be treated as dynamical fields, in order to be compatible with lack of prior geometry, a typical feature of GR 1 .
Since the fields u, s µν and t ρλµν in Eq. (3) Without entering the details of calculation given in Ref. [41] , it is possible to derive the most general metric tensor for a point-like source of gravity, whose non-null components are given by
III. DYNAMICS OF A MASSLESS SCALAR FIELD
Let us now consider a conventional massless scalar field ψ (x, t) in curved background, i. e. we consider the SME parameters are only into gravity sector. In general, thē s µν parameters can be moved from the gravity sector into the scalar sector using a coordinate choice [3] . The choice does not change the physics, so although the calculation looks different it must give the same result.
In our analysis, the Klein-Gordon equation reads [48] (
where ✷ is the d'Alembert operator in curved space and ζ is the coupling parameter between geometry and matter.
As it can be seen in Fig. (1) , the configuration is simple: the plates are set in such a way that the one nearer to the source of gravity is distant R from it, and hence we can choose Cartesian coordinates so that r = R+z, where the variable z is free to vary in the interval [0, D], if we denote with D the separation between the plates. Clearly, the relation D ≪ R holds.
A further simplification comes from the fact that the only Cartesian coordinate explicitly present in the quantities appearing in Eq. (6) is z. In fact, denoting φ = − GM R and recalling that z R ≪ 1, the metric tensor becomes with the scalar curvature that assumes the form
At this point, it is clear that the interest is focused on the variation of the field along the radial direction (namely, along the z-axis). Because there is no explicit dependence on other coordinates, one can think of a solution of the form ψ (x, t) = N e i(ωt−k ⊥ ·x ⊥ ) ϕ (z), where k ⊥ = (k x , k y ), x ⊥ = (x, y) and N is the normalization factor.
The field equation can thus be rewritten as
with
The solution of this differential equation is a linear combination of Airy functions of the first and of the second kind, with argument x (z) = . In the considered approximation, the solution can be written as
2 The presence of Lorentz-violating terms allows for a nonvanishing scalar curvature. However, details of its form will not be necessary in the next steps, since it contributes to the mean vacuum energy density only at higher orders.
Airy functions can be expressed in terms of Bessel functions [47] . Due to the form of a and b, it is clear that the argument of the Bessel functions η(z) ≡ [a + bz] (−b) − 2 3 ≫ 1, and hence their asymptotic behavior yields
If we impose the Dirichlet boundary conditions on the plates for the field ϕ(z), that is ϕ(0) = ϕ(D) = 0, we get the relation
where n is an integer. From these boundary conditions, we find the energy spectrum
Finally, using the scalar product defined for quantum fields in curved spacetimes [48] , one derives the normalization constant
with S being the surface of the plates.
IV. DERIVATION OF THE BOUND AND OF THE PRESSURE
In order to calculate the mean vacuum energy density ε between the plates, we use the general relation [48] 
where T 00 ≡ T 00 ψ n , ψ * n is a component of the energymomentum tensor T µν = ∂ µ ψ ∂ ν ψ − 1 2 g µν g αβ ∂ α ψ ∂ β ψ and V p = dx dy dz √ −g is the proper volume. Using the Schwinger proper-time representation and ζ-function regularization, we find the mean vacuum energy density
where ε 0 is the standard term of Casimir effect, ε GR is the contribution due to GR and ε LV is the Lorentz-violating term, with D p = dz √ −g being the proper length of the cavity. Note that, in our analysis, we have neglected higher-order contributions. Equation (16) gives us the expression of Casimir vacuum energy density at the second order O(R −2 ) in the framework of SME. We note that the part related to GR (Eq. (18)) does not have contributions at the first order in O(R −1 ), but only at higher orders, such as O(R −2 ). The Lorentz-violating sector Eq. (19) , instead, exhibits a first order factor in O(R −1 ) connected tos 00 . To obtain a plausible bound ons 00 , we make the assumption |ε LV | |ε GR |. This agrees with several considerations and results expressed in Refs. [6, 21, 41] and ensures the fact that Lorentz-violating manifestations are small, as widely employed in Lorentz-violation phenomenology [41] . However, the reasonableness of the constraint we derive cannot be directly tested, since ε is still now an unmeasurable quantity. This is why we need to compare the heuristic constraint with a physical one, which can only be calculated using the pressure.
Apart from the previous comment, considering the case of the Earth and requiring D p ∼ 10 −7 m (a typical choice for the proper length in standard literature) for the plausible assumption exhibited above, we get
where R ⊕ ∼ 6.4 × 10 6 m. It must be pointed out that recent developments in nanotechnology can further strengthen the above bound by one or two orders of magnitude. In fact, in the near future, the value of D p could reach scales even smaller than nanometers (as already contemplated, for example, in Ref. [49] ), thus transforming Eq. (20) into a more stringent constraint,s 00 10 −15 . Let us now turn the attention to the pressure. The attractive force observed between the cavity plates is obtained by the relation F = − ∂E ∂Dp , where E = ε V P is the Casimir vacuum energy. Then, the pressure is simply given by P = F/S, and hence
where P 0 is the pressure in the flat case, while P GR is the pressure in GR and P LV is the contribution connected to Lorentz-violation.
We now want to test the compatibility of SME with the experimental data to check how much a concrete bound differs from the heuristic one obtained in Eq. (20) . This can be achieved by using the pressure as a measurable physical quantity. In fact, imposing the constraint |P LV | δP , where δP is the experimental error, we obtain the following relation:
where R S is Schwarzschild radius. The total absolute experimental error of the measured Casimir pressure [50] is 0.2% (δP/P 0 ≃ 0.002). Typical values of the ratio R RS in the Solar System are included between 10 7 ÷ 10 10 . In particular, for the Earth we have 7.2 × 10 8 , which means that the term on the r.h.s. of Eq. (25) is of order 10
6 . The comparison of such a result with Eq. (20) clearly shows that we cannot use 3 the Casimir experiment to measure the pressure in order to significantly constrain the parameters 00 . To to this, we need to enhance the experimental sensitivity on Earth by at least six order of magnitude, in such a way that δP P
10
−9 . Nevertheless, in the near future, gravitational interferometers may provide a valid framework to test SME. Indeed, they have reached a high sensitivity, and therefore they could be, in principle, used as the tool to detect the small effects induced by the the Lorentzviolating contributions on Casimir pressure.
Finally, a word must be spent on the choice of pointlike source of gravity. Although it has been considered only to simplify the treatment of the problem, the relevance of the outcome does not depend on it. In fact, even if we considered a rotating spherical object instead of a point, the value of the constraint would basically be the same. Lorentz-violating factors will very likely appear as combinations of thes µν already introduced in this work, but the line of reasoning would exactly be the same. Consequently, we expect Eqs. (20) and (25) to be modified only in its l.h.s., for example with contributions such ass 00 + µ,js µj at the lowest order.
V. CONCLUSIONS
In the context of SME, working in the weak field approximation, we have studied the dynamics of a massless scalar field confined between two nearby parallel plates in a static spacetime background generated by a pointlike source. In order to obtain a reasonable constraint on Lorentz-violating terms in the context of the Casimir effect, we have derived the corrections to the flat spacetime Casimir vacuum energy density Eq. (16), in the framework of SME. We have found that, in the energy density, GR gives us only contributions at the second order O(R −2 ), while Lorentz-violating corrections occur at first order O(R −1 ). After that, we have evaluated the pressure Eq. (21) to observe how it changes from the usual expression in flat spacetime, Eq. (22) , in the presence of gravity (see Eq. (23)) and with SME coefficients (see Eq. (24)).
By requiring |ε LV | |ε GR |, we have then been able to find a significant bound on the SME coefficients 00 . Such an assumption is related to the fact that manifestations of Lorentz violation in nature are expected to be extremely evanescent. If the above inequality did not hold true, it would have been possible to detect traces of Lorentzviolating terms in the tests proposed in Ref. [41] and in other experiments involving the intertwining between SME and gravity, but this is not the case.
We remark that, for the problem at hand, there is the necessity to have a direct access to the vacuum energy density in order to evaluates 00 . Actually, as already pointed out, the true measurable physical quantity in the context of the Casimir effect is the pressure P . One can possibly extract a constraint fors 00 also with P as done in Eq. (25) , but its order of magnitude would be extremely high if compared to Eq. (20) and especially to the data of Ref. [6] . The current technology is far from allowing a direct experimental check of the influence of SME on Casimir effect. Nevertheless, in the near future, gravitational interferometers might achieve high sensitivity, providing an alternative tool for testing the SME with a more stringent and efficient bounds reachable through the evaluation of the pressure.
We also point out that, following the same analysis of Refs. [34] , no violation of equivalence principle arises in our framework, i.e. the parameter space here analyzed leads to the conclusion that the coefficientss µν do not allow to discriminate between inertial mass and gravitational mass. Finally, the consideration after Eq. (20) is corroborated by the fact that, assuming we have to deal with the Kerr metric for a more detailed analysis, the off-diagonal contribution related to the angular momentum J, that is GJ⊕ R⊕c 3 , has the same order of magnitude of the diagonal term
This knowledge tells us that, in Eq. (18), we would obtain an analytically different expression, ε GR = f (M, D p , R, J) ε 0 , which nonetheless should possess the same order of magnitude of Eq. (20) . Moveover, outcomes of a recent work [51] suggest that, in the case of a geostationary orbit, the effects of rotation on the mean vacuum energy density can be completely neglected, due to the fact that the Casimir-like system acquires the same angular velocity of the Earth. These hints strengthen the conjecture that implications of the current work are basically untouched also in a more realistic treatment of the studied phenomenon, which however will be the object of future investigation.
